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A counting argument is developed and divisibility properties of the binomial
coefficients are combined to prove, among other results, that
R(Kn , Zp)n+2p&2 if n#0, 1 (mod p2)
R(K kn , Z2)n+k,
where Kn , resp. K kn , is the complete, resp. complete k-uniform, hypergaph and
R(Kn , Zp), R(K kn , Z2) are the corresponding zero-sum Ramsey numbers.  1997
Academic Press
Let K kn be the complete k-uniform hypergraph on n vertices. Let
f : E(K kn)  G be a mapping of all the edges (k-subsets) of K
k
n into the finite
abelian group G. Such a coloring will be called G-coloring.
A subhypergraph H/K kn is called zero-sum (mod G), with respect to f,
if e # E(H) f (e)=0 (in G).
The zero-sum Ramsey number of H with respect to G, denoted R(H, G),
is the least integer n such that for every G-coloring of the edges of K kn there
exists a zero-sum (mod G) copy of H in K kn .
Zero-sum Ramsey numbers were introduced by Bialostocki and Dierker
[3, 4] in the case G=Zm . Since then many results were proved concerning
zero-sum Ramsey numbers and we refer the reader to the recent survey on
the subject [9].
In this paper we shall consider zero-sum Ramsey numbers of complete
uniform hypergraphs. It is proved in [6, 7] that there exists a positive con-
stant c(k, m) such that if G is a finite abelian group of order m and m | ( nk)
then R(K kn , G)n+c(k, m), for fixed m and k. Thus, zero-sum Ramsey
numbers of complete uniform hypergraphs are linear in essence. However,
c(k, m) is a huge constant related to multicolor Ramsey numbers of hyper-
graphs.
article no. TA972812
367
0097-316597 25.00
Copyright  1997 by Academic Press
All rights of reproduction in any form reserved.
File: DISTIL 281202 . By:DS . Date:09:07:01 . Time:06:57 LOP8M. V8.0. Page 01:01
Codes: 2859 Signs: 2051 . Length: 45 pic 0 pts, 190 mm
The main results of [1, 5] are that R(Kn , Z2)=n+2 for n#0, 1 (mod 4)
and that if q is a prime power such that q | ( n2) and nR(K2q&1 , q) (the
Ramsey number for K2q&1 using q colors) then R(Kn , Zq)n+2q&2; the
equality holds if q is a prime dividing n. Alon anticipated that for certain
small values of n, R(Kn , Zq)n+2q&2 holds as well. We prove this to be
true if n#0, 1 (mod p2) and generalize our method to hypergraphs.
We also prove that if G=Z2 then c(k, 2)=k is a valid choice. Hence,
R(K kn , Z2)n+k if 2 | (
n
k).
Then we show that
R(Kn , Z3)={
11
n+4
n+3
11
n=3
n#0 (mod 3), n6
n#1, 4 (mod 9)
n=7
The cases n#0, 1, 4 (mod 9) are given in a recent paper by Harborth and
Piepmeyer [12] who conjectured that for n#7 (mod 9) it holds that
R(Kn , Z3)=n+3 which is disproved here for n=7. The case n#0 (mod 3)
is given in [1] for n large and here we prove that n+4 is sharp for all n#0
(mod 3), and n6.
Finally, our method is based upon earlier ideas due to Zimmerman [2],
Caro [5], and Harborth and Piepmeyer [12].
Let n>k2 be integers and p a prime such that p | ( nk). Define
t=t(n, k, p) as the least positive integer (if it exists) such that ( n+tt ){0
(mod p) but ( n+t&mt )#0 (mod p) for kmk( p&1).
We first apply t=t(n, k, p) in the following theorem and then show its
existence in several interesting cases from which we deduce our main
results.
Theorem 1. Suppose n>k2 are integers and p is a prime such that
p | ( nk) and further that t=t(n, k, p) exists. Then R(K
k
n , Zp)n+t.
Proof. Let f : E(K kn+t)  Zp be any Zp-coloring.
We shall compute the following sum in two ways over Zp .
Define S(n+t, k, p)=K nk/K kn+t (ei # E(K nk) f (ei))
p&1. If no zero-sum
copy of K kn exists then by Fermat’s little theorem each of the summands in
the parenthesis has the value 1(mod p). Hence S(n+t, k, p)#( n+tt )
(mod p) and by the definition of t, ( n+tt )0 (mod p).
Now we recompute the sum by opening the parentheses.
We observe the following: a typical element we obtain has the form
f (ei1):1 } f (ei2):2 } } } f (eip&1)
:p&1 where  p&1i=1 :i= p&1. Now the edges
(k-sets) ei1 , ..., eip&1 can appear in several copies of K
k
n in K
k
n+t and
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if | p&1j=1 eij |=m then this collection of edges appears in exactly (
n+t&m
n&m )=
( n+t&mt ) copies of K
k
n in K
k
n+t . Rearranging, we get S(n+t, k, p)=
k( p&1)m=k (
n+t&m
t ) } Am where Am is the sum contributed by collections of
edges that cover exactly m vertices which are elements in the expansion of
the parenthesis.
However, by the definition of t, ( n+t&mt )#0 (mod p) and hence
S(n+t, k, p)#0 (mod p), a contradiction. Hence R(K kn+t , Zp)
n+t(n, k, p). K
Now we can state precise upper bounds.
We need one more definition: Let :=:(k, p) denote the least positive
integer such that p: |% (k( p&1))! but p:&1 | (k( p&1))!, and let for p3,
;=;(k, p) denote the least positive integer such that p; |% (k( p&1)&1)!
but p;&1 | (k( p&1)&1)!.
Theorem 2. Suppose n>k2 are positive integers and p is a prime such
that p | ( nk).
(i) If n#0 (mod p:), :=:(k, p), then R(K kn , Zp)n+k( p&1).
(ii) If n#1 (mod p;), p3, ;=;(k, p) then R(K kn , Zp)
n+k( p&1)&1.
(iii) If 2 | ( nk) then R(K
k
n , Z2)n+2
d(k, n)&1, d(k, n) is the first place
from the right side where in the binary expansion k has digit 1 and n has
digit 0.
Proof. After Theorem 1 it suffices to verify the following:
(i) If n#0 (mod p:) then t(n, k, p)k( p&1). Indeed, setting
t=k( p&1) we get
\n+tt +=
(n+t)(n+t&1) } } } (n+1)
(k( p&1))!
0 (mod p),
as the highest power of p that divides the numerator is :(k, p)&1 as n#0
(mod p:). On the other hand,
\n+t&mt +=
(n+t&m) } } } n } } } (n&m+1)
(k( p&1))!
#0 (mod p) for kmk( p&1)
as n#0 (mod p:) is in the numerator but p: |% (k( p&1))! This proves (i).
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(ii) If n#1 (mod p;) then t(n, k, p)k( p&1)&1. Indeed, setting
t=k( p&1)&1 we get
\n+tt +=
(n+t) } } } (n+1)
(k( p&1)&1)!
0 (mod p)
as the largest power of p dividing the numerator is ;(k, p)&1 as n#1
(mod p;) and p{2. On the other hand, ( n+t&mt )#0 (mod p) for k
mk( p&1) since n&1#0 (mod p;) is in the numerator. This proves (ii).
(iii) Recall the following observation due to Lucas and Kummer (see
e.g., [10]): For any prime p and positive integers nm>0, the exact
power of p that divides ( nm) is given by the number of ‘‘carries’’ when adding
m and n&m in base p. In particular, ( nm) is odd if and only if the set of 1’s
in the binary expansion of m is a subset of the set of 1’s in the binary
expansion of n. We call such n and m an odd pair. Having this observation
in mind we seek to prove that t(n, k, 2)2d(k, n)&1k (hence c(k, 2)k as
well).
For nm we say that n contains m if the binary digits of m, say
m1 m2 } } } ml , mi # [0, 1] coincides with the l rightmost binary digits of n.
Now since we are given that 2 | ( nk) it follows that k is not contained in n
(for then k and n are an odd pair). Hence k has some places in which the
binary digits are 1 but in the same places in n the digits are 0. Let I be the
set of indices in which k has binary digit 1 and n has 0. Any number t
whose set of 1’s in the binary expansion is a subset of I has the property
that ( n+tt )#1 (mod 2) and of course tk. As k is not contained in n it is
clear that n&k has a rightmost digit 1 in place d(k, n) where n has a digit
0 and k has the digit 1 and the index of this place is in I. So we choose t
to be the number whose binary digits are all 0 except 1 in the d(k, n) th
place, clearly tk (and in fact t is a power of 2). Clearly, ( n+t&kt )#0
(mod 2) as the d(k, n) th digit of t is 1 and that of n+t&k is 0 and
t=2d(k, n)&1. K
Remarks. (1) It is worth mentioning that if 2 | ( nk), n is even, and k
is odd then R(K kn , Z2)=n+1 because (
n+1
1 )=n+1#1 (mod 2) and
( n+1&k1 )#0 (mod 2). Hence t=1 is valid and clearly if f : E(K
k
n)  Z2 has
all its values equal to 0 except for one edge e1 for which f (e1)=1, then no
zero sum copy of K kn exists, proving in this case R(K
k
n , Z2)=n+1.
(2) If k=2 then :(2, p)=2 and ;(2, p)=2 ( p{2). Hence
R(Kn , Zp){n+2p&2n+2p&3
n#0 (mod p2)
n#1 (mod p2)
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and in view of the lower bound of Alon and Caro [1] we infer that if n#0
(mod p2) then R(Kn , Zp)=n+2p&2.
(3) For p3 and n#1 (mod p) and n even a lower bound,
R(Kn , Zp)n+ p is implied by taking a 1-factor in Kn+ p&1 and coloring
its edges by 1 and the rest by 0. The number of edges colored 1 is 0
(mod p) as p | (n+ p&1)2. On the other hand, any Kn we choose leaves
p&1 vertices outside and these vertices belong to at least ( p&1)2 edges
and at most p&1 edges from the 1-factor so that the number of edges
colored 1 in Kn is not 0 (mod p), proving the lower bound.
After the papers [1, 11, 12] the following is known:
11 n=3
R(Kn , Z3)={n+4 n#0 (mod 3) for nR(K5 , 3)n+3 n#1, 4 (mod 9)
and it was conjectured in [12] that R(Kn , Z3)=n+3, n#7 (mod 9).
Our next result settles the case n#0 (mod 3) for all n6 and disproves
the smallest case of the conjecture above.
Theorem 3.
(i) R(Kn , Z3)=n+4 for n#0 (mod 3) n6
(ii) R(K7 , Z3)=11.
Proof. (i) R(Kn , Z3)n+4 for n#0 (mod 3) is proved in [1].
R(K6 , Z3)=10 is proved in [11].
Suppose that by induction we proved R(Kn , Z3)=n+4, n#0 (mod 3),
and consider f : E(Kn+7)  Z3 . We have to show that a zero-sum copy of
Kn+3 exists.
By the induction step n+7>11. Hence by R(K3 , Z3)=11 a zero-sum
(mod 3) copy of K3 exists and we denote its vertex-set by A. Consider
|V"A|=n+4 and define a new Z3-coloring, g, on K |V"A| as follows:
If e=(u, v) is an edge then g(e)= f (e)+2(a(u)+a(v)) where a(u),
a(v) is the sum of the weights of the edges connecting u, v to A. By induc-
tion there is a zero-sum copy of Kn (with vertex set B) with respect to g,
namely
0= :
e # Kn
g(e)= :
e # Kn
[ f (e)+2(a(u)+a(v))].
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Summing on vertices and observing that n&1#2 (mod 3), we get
:
e # Kn
f (e)+2(n&1) :
u # B
a(u)# :
e # Kn
f (e)+ :
u # B
a(u)#0 (mod 3).
Hence the complete graph on A _ B has n+3 vertices and the sum of edges
is 0 (mod 3) showing R(Kn , Z3)n+4 for n#0 (mod 3), n6 proving (i).
(ii) The same proof as (i) (taking a vertex instead of K3 in the first
stage) shows that R(Kn , Z3)n+4 holds as well for n#1 (mod 3) providing
n7, in particular, R(K7 , Z3)11.
Consider the following:
f : E(K10)  Z3 .
Take two copies of K5 : in each one C5 is colored 0 and the second C5
is colored 2, and the edges connecting the two copies of K5 are colored 1.
Any copy of K7 must split either to 5 and 2 or to 4 and 3 between the
two copies of K5 . In the first case the sum of the weights of the edges is
10+10+[0, 2] # [20, 22] and is not 0 (mod 3). In the second case the
sum of the weights of the edges is 6+12+[2, 4] # [20, 22] and is not 0
(mod 3), proving R(K7 , Z3)=11. K
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